ABSTRACT. A classical theorem of I. Schur states that the degree of any irreducible complex representation of a finite group G divides the order of G/Z G, where Z G is the center G. This note discusses similar divisibility results for certain classes of Hopf algebras.
INTRODUCTION
It is a well-known fact, originally proven by Frobenius [2] , that degree of any irreducible complex representation of a finite group G divides the order of G; equivalently, the degrees of all irreducible representations of the group algebra CG divide dim C CG. In reference to this result, a finite-dimensional algebra A over an arbitrary algebraically closed base field k is said to have the "Frobenius divisibility" property if the following holds:
(FD) the degree of every irreducible representation of A is a divisor of dim k A. A random finite-dimensional k-algebra will of course fail to satisfy FD. Nonetheless, motivated by Frobenius' Theorem, Kaplansky [4] stated the conjecture that FD does hold for all semisimple Hopf algebras over an algebraically closed field k of characteristic 0. This conjecture has remained open for 40 years.
Returning to group algebras, Schur [8, Satz VII] strengthened Frobenius' Theorem by showing that the degree of any irreducible complex representation of a finite group G does in fact divide the order of the quotient G/Z G, where Z G is the center G. The goal of this short note is to prove a version of Schur's Theorem for Hopf algebras that expands on the work in [9] . We work with finite-dimensional Hopf algebras over an algebraically closed base field k of arbitrary characteristic. A representation of such a Hopf algebra H is given by a k-vector space V and an algebra map ρ : H → End k (V ); and V is irreducible if and only if ρ is surjective. We define H Z (V ) to be the unique largest Hopf subalgebra of H that is contained in the subalgebra ρ −1 (k Id V ) of H. In analogy with the center of a character [3, 2.27], H Z (V ) will be called the Hopf center of V . Since the dimension of any Hopf subalgebra of H divides dim k H by the Nichols-Zoeller Theorem, it follows that
is an integer. We may now state our result as follows.
Theorem. Let C be a class of finite-dimensional Hopf k-algebras that is closed under tensor products and under taking (Hopf) homomorphic images. Assume that all H ∈ C satisfy FD. Then, for every H ∈ C and every irreducible representation V of H, dim k V is a divisor of
Taking C to be the class of all finite complex group algebras, all of whose members satisfy FD by Frobenius' Theorem, we obtain Schur's result. The proof of the theorem, whose main part is an adaptation of an argument due to Tate, will be given in Section 2 after deploying a few preliminaries in Section 1. The final Section 3 presents some applications of the theorem and its method of proof.
The above notation and terminology remains in effect throughout this note. In particular, k denotes an algebraically closed field. Our notation concerning Hopf algebras follows [5] and [6] .
1. PRELIMINARIES 1.1. Hopf Commutators. Given two elements h and k of a Hopf algebra H, we define the Hopf
Lemma 1. Let K and L be Hopf subalgebras of H. The following conditions are equivalent:
1.2. Hopf Centers. Let H be a finite-dimensional Hopf k-algebra and let ζ(H) denote the unique the largest Hopf subalgebra of H that is contained in the ordinary center, Z H. For any irreducible representation V of H, Schur's Lemma gives the inclusion
The reverse inclusion holds if V is inner faithful, that is, no nonzero Hopf ideal of H annihilates V . Lemma 2. Let H be a finite-dimensional Hopf k-algebra and let V be an inner faithful representation of H. Then
Proof. Put K := H Z (V ). In view of Lemma 1, we need to show that, for all h ∈ H and k ∈ K,
To this end, consider the representation map ρ : H → End k (V ) and the n th tensor power V ⊗n , with corresponding algebra map ρ ⊗n
for the image of h ∈ H under this map, we claim that
It will then follow that the element [h, k] ∈ H acts on TV = n≥0 V ⊗n as the scalar operator ǫ(h)ǫ(k) Id TV . Since inner faithfulness of V is equivalent to faithfulness of TV in the usual sense by [7] , this will yield the desired conclusion,
To prove the claim, we proceed by induction on n. The base case n = 0 states the obvious identity ǫ([h, k]) = ǫ(h)ǫ(k). For the inductive step, note that
, we can move S(k (n+1) ) past S(h (n+1) ) to rewrite the right hand side above in the following form:
where the penultimate equality uses our inductive hypothesis. This completes the proof.
PROOF OF THE THEOREM
We first show that dim k V divides dim k H dim k ζ(H) . Consider the representation map ρ : H → End k (V ), which is onto, and note that V ⊗n is an irreducible representation of H ⊗n for each n ≥ 0, because ρ
is a morphism of Hopf algebras. Hence, Ker µ n is a Hopf ideal of ζ(H) ⊗n . Furthermore, the following diagram commutes:
Thus, ρ ⊗n (Ker µ n ) = 0 and so V ⊗n is an irreducible representation of the Hopf algebra
Moreover, putting d := dim k H and δ := dim k ζ(H) for brevity, we know by the NicholsZoeller Theorem that H ⊗n is free of rank (
for all n; in other words, the
δ Z for all n. It follows that q is integral over Z, and hence q ∈ Z,
To obtain the stronger assertion, that dim k V divides
, let H Ker V denote the largest Hopf ideal of H that is contained in the kernel of ρ and consider the canonical epimorphism : H ։ H = H/H Ker V . Then H ∈ C and V can be viewed as an inner-faithful irreducible representation
by the foregoing. Hence, it suffices to show that 
, finishing the proof.
SOME APPLICATIONS
In this section, we assume that char k = 0.
Corollary 3. Let H be a semisimple quasitriangular Hopf algebra and let
Proof. The class of semisimple quasitriangular Hopf k-algebras is closed under tensor products and quotients, and semisimple quasitriangular Hopf k-algebras satisfy FD by [1] .
Corollary 4. Let H be a semisimple Hopf k-algebra and let V ∈ Irr H be such that χ V ∈ Z (H * ).
Proof. Let I be a Hopf ideal of H with I ⊆ H Ker(V ). Then, as in the last part of the proof of the theorem, V descends to a representation of H = H/I, and the character χ V belongs to the (Hopf) subalgebra H * = I ⊥ of H * . Therefore, χ V ∈ Z (H * ). Also, viewing V ⊗n as a representation of H ⊗n as in the first part of the proof of the Theorem, we have χ V ⊗n = χ ⊗n V ∈ Z ((H ⊗n ) * ). Lastly, by [10] , we know that the degree of any central irreducible character of a finite-dimensional Hopf algebra must divide the dimension of the Hopf algebra. With these observations, the proof of the theorem goes through.
